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In this paper we show that the Universe is already strongly magnetized at very early epochs during
cosmic evolution. Our calculations are based on the efficient amplification of weak magnetic seed
fields, which are unavoidably present in the early Universe, by the turbulent small-scale dynamo.
We identify two mechanisms for the generation of turbulence in the radiation dominated epoch
where velocity fluctuations are produced by the primordial density perturbation and by possible
first-order phase transitions at the electroweak or QCD scales. We show that all the necessities for
the small-scale dynamo to work are fulfilled. Hence, this mechanism, operating due to primordial
density perturbations, guarantees fields with comoving field strength B0 ∼ 10−6ε1/2 nG on scales up
to λc ∼ 0.1 pc, where ε is the saturation efficiency. The amplification of magnetic seed fields could
be even larger if there are first-order phase transitions in the early Universe. Where, on scales up
to λc ∼ 100 pc, the comoving field strength due to this mechanism will be B0 ∼ 10−3ε1/2 nG at the
present time. Such fields, albeit on small scales, can play an important role in structure formation
and could provide an explanation to the apparently observed magnetic fields in the voids of the
large-scale structure.
I. INTRODUCTION
Magnetic fields of strengths of order a few µG have
been observed in galaxies at high and low redshifts, in
galaxy clusters and in superclusters [1–5]. There is also
evidence for strong extragalactic magnetic fields coming
from γ-ray observations. These studies place a lower
bound on intergalactic magnetic fields at 3× 10−7 nG
[6], although plasma effects may complicate the propa-
gation of electromagnetic cascades [7, 8].
Theoretically, magnetic fields are very likely to have
been generated at some level in the early Universe
through a variety of mechanisms. On the largest scales,
magnetic fields can be generated during inflation giving
today B0 ∼ (10−25 − 10−1) nG on a scale of 1 Mpc [9].
However, such mechanisms require some modification to
the Maxwell theory in order to break its conformal in-
variance. Without such modifications, fields of present
strengths B0 ∼ (10−20 − 10−11) nG could have been gen-
erated at the electroweak (EW) and QCD phase transi-
tions respectively [10]. In this case, the magnetic field
coherence length is limited by the particle horizon size
at the time of generation, typically much smaller than
1 Mpc. At later times, magnetic fields could have been
generated through the generation of vorticity in the pri-
mordial plasma [11–15] (originally proposed by Harri-
son [16]). This mechanism is very natural, since vorticity
in the plasma is unavoidably generated in the late radi-
ation era through the nonlinear couplings of first-order
density perturbations. The seed fields generated here are
of order B0 ∼ 10−20 nG.
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In many cases, the observed magnetic fields are much
stronger than fields predicted by theories. Therefore, in
order to explain observations, some amplification of the
generated seed fields must have occurred at some point
in the history of the Universe. A popular mechanism for
such amplification is known as the dynamo mechanism.
The dynamo mechanism comes in two broad classes
(see Ref. [17] for a review). The large-scale dynamo con-
verts kinetic energy on large scales into magnetic energy.
This mechanism can act if the conducting fluid flow is
highly helical, inhomogeneous or anisotropic, the typical
example being the differential rotation of galaxies. This
galactic dynamo, which operates only for spiral galax-
ies, requires seed fields of order B0 ∼ 10−21 nG to obtain
µG strengths today [18]. However, this type of dynamo
cannot explain strong fields in much younger galaxies, in
galaxy clusters and superclusters or indeed in the voids
of the large-scale structure.
The second class of dynamo works with stationary, ho-
mogeneous and isotropic turbulence. This mechanism,
known as the small-scale dynamo (SSD), also converts
kinetic energy from turbulent motions into magnetic en-
ergy and typically operates on much smaller scales. Mag-
netic field lines, which are frozen into the conducting
plasma, are stretched, twisted and folded by the ran-
dom motions of fluid elements leading to exponential
field amplification. The SSD mechanism has been ap-
plied to the formation of the first stars and galaxies in
the matter dominated Universe [19, 20] (see Ref. [21] for
an early discussion on this subject), where the turbulent
motions arise from gravitational collapse, accretion and
supernovae explosions (e.g. Refs. [20, 22–25]). If turbu-
lence is predominantly injected by supernova explosions,
this mechanism may further explain the observed corre-
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2lation between the star formation rate and the magnetic
field strength in spiral galaxies [26]. This mechanism can
be highly effective at magnetizing structures in the early
Universe. However, a problem evades explanation; the
large field strengths apparently observed in the voids of
the large-scale structure [6].
In this paper we investigate the SSD amplification
of magnetic seed fields in the radiation dominated Uni-
verse. If significant turbulence is generated in this early
epoch, then small magnetic seed fields could be amplified
very efficiently by the mechanism. Unlike velocity per-
turbations, magnetic fields survive through the viscous
damping and free-streaming regimes. Therefore, the SSD
could be an effective mechanism to strongly magnetize
the early Universe prior to structure formation, leading
to strong intergalactic magnetic fields. We demonstrate
that the conditions are right for efficient dynamo ampli-
fication leading to large magnetic fields, albeit on very
small scales, which could explain observations and have
an impact on early structure formation.
The structure of our paper is as follows. In Sec. II we
give a brief review of the small-scale dynamo mechanism
and the conditions necessary for its action. In Sec. III we
look at two mechanisms for the generation of turbulence
in the radiation dominated era. In Sec. IV we investigate
the amplification of magnetic fields due to SSD action
and look at their subsequent evolution to the present
time. We summarize in Sec. V and conclude in Sec. VI.
II. THE SMALL-SCALE DYNAMO
MECHANISM
The small-scale dynamo (SSD) mechanism is a very ef-
ficient mechanism at converting kinetic energy from tur-
bulent motions to magnetic energy [27, 28]. To describe
the mechanism, we first briefly review the conditions nec-
essary for turbulence to arise.
The kinetic Reynolds number Re characterizes the rel-
ative importance of the fluid advective and dissipative
terms in the Euler equation. For random motions cor-
related on some physical scale l with root-mean-square
(rms) velocity vrmsl , the local kinetic Reynolds number is
given by [29, 30]
Re(l) =

vrmsl l
ηs
if l lmfp
vrmsl
αdl
if l lmfp
(1)
for dissipation due to diffusing particles and free-
streaming particles respectively, where lmfp is the particle
mean-free-path (mfp). Here, ηs is the shear viscosity and
αd is a drag coefficient due to the occasional scattering
of fluid particles [30, 31]. On a given scale l, a viscous
regime corresponds to Re(l) 1. Whereas for a turbu-
lent regime Re(l) 1, in this case the dissipative time
scale is much greater than the eddy-turnover time scale
τl, where
τl ≡ l/vrmsl = alc/vrmsl , (2)
and lc is a comoving length.
With the injection of kinetic energy, a turbulent flow
develops almost inevitably when the kinetic Reynolds
numbers are large enough [32, 33]. Indeed, there is
a critical value for which turbulence is expected, i.e.
Re(l) >∼ Rcre ∼ 103. The fundamental reasons for the
transition to a turbulent flow are not completely under-
stood. However, flow instabilities always arise when the
Reynolds numbers are larger than the critical value [32].
One possible mechanism for the triggering of the flow in-
stability is due to thermal fluctuations [34], which are
important in the radiation epoch, but other mechanisms
may exist too. Indeed, in this paper we will look at tur-
bulence driven by bubble collisions in first-order phase
transitions.
Turbulence is characterized by a direct cascade of en-
ergy from large scales to small scales. The eddy-turnover
time gives the time over which eddy flows break down
to smaller scales in this direct cascade. With a con-
tinuous injection of kinetic energy (or forcing/stirring of
the fluid) at the forcing/stirring scale L, turbulence be-
comes fully developed (or stationary) on a time scale of
order the eddy-turnover time scale at the forcing scale
τL. In an expanding Universe, this time scale must be at
most given by the Hubble time i.e. τL = 1/H. Thus, the
largest possible forcing scale is L = vrmsL /H, where v
rms
L
is the typical velocity fluctuation on the forcing scale L.
The velocity spectrum for fully developed turbulence is
then given by
vrmsl = v
rms
L
(
l
L
)ϑ
. (3)
The scaling index ϑ varies between the two extremes
1/3 ≤ ϑ ≤ 1/2, where for incompressible Kolmogorov
type turbulence ϑ = 1/3 and for highly compressible
Burgers type turbulence ϑ = 1/2. This spectrum is valid
only on the inertial range: ldiss < l < L, which is de-
termined by the turbulent kinetic energy cascade. The
dissipative scale ldiss is the scale at which turbulent ve-
locities are diffused due to viscosity at the same rate as
they are replenished from larger scales. At this scale the
direct cascade ends. The dissipative scale can be defined
through Re(ldiss) ∼ 1, hence ldiss ∼ LRe(L)−1/(ϑ+1) as-
suming ldiss  lmfp in Eq. (1).
The SSD mechanism converts this turbulent kinetic
energy to magnetic energy [27, 28]. The effectiveness
of the mechanism depends strongly on three important
environmental factors (i) the Reynolds number; stronger
turbulence is more effective (ii) the turbulent velocity
modes; rotational modes are much more efficient than
longitudinal modes [35, 36] and (iii) the Prandtl number
Pm ≡ Rm/Re = 4piσηs, where the Prandtl number is a
measure of the relative importance of the magnetic and
kinetic diffusion. Here, the Rm is the magnetic Reynolds
3number given by
Rm(l) = 4piσalcv
rms
l , (4)
and σ is the plasma conductivity.
There are two competing effects in the turbulent dy-
namo mechanism; magnetic field line stretching and re-
sistive reconnection. The critical magnetic Reynolds
number Rcrm defines the balance between the stretch-
ing and reconnection. For Rm(L) < R
cr
m reconnection
wins and there is no dynamo and for Rm(L) > R
cr
m the
stretching wins and the dynamo takes effect amplifying
the magnetic field. Independent of the Prandtl num-
ber, the critical magnetic Reynolds number is Rcrm ≈ 60
and Rcrm ≈ 2700 for Kolmogorov and Burgers type tur-
bulence respectively [17, 36, 37]. When the SSD takes
effect, the fluctuating component of the magnetic field
grows exponentially Brms ∝ exp(Γt) due to turbulence in
a weakly magnetized plasma. Depending on the Prandtl
number, the growth rate Γ scales with either the kinetic
Reynolds number Re or the magnetic Reynolds number
Rm, in particular Γ ∝ R(1−ϑ)/(1+ϑ)e and Γ ∝ R(1−ϑ)/(1+ϑ)m
for Pm  1 and Pm  1 respectively [36, 37].
There is a large number of numerical studies in the
literature that have demonstrated the SSD action un-
ambiguously for a number of settings [35, 38–41]. Ana-
lytically, the Kazantsev model (following the formalism
by Refs. [17, 42]) was developed in order to study the
evolution of magnetic fields in a conducting plasma con-
taining turbulent motions [28]. The Kazantsev model
can be used to calculate the magnetic field growth rate
and the critical magnetic Reynolds number required
for SSD action. The model considers random turbu-
lent motions correlated on a scale l with velocity vrmsl
and spectrum given in Eq. (3) valid on the inertial
range ldiss < l < L. The spectrum of velocity fluctu-
ations is assumed to be Gaussian, homogeneous and
isotropic in space and instantaneously correlated in time.
The kinetic Reynolds number must also be larger than
some critical value for which turbulence is expected, i.e.
Re(L) >∼ Rcre ∼ 103 (this is a conservative estimate for
Rcre , indeed the SSD action has been observed in cases
where Re(L) <∼ 100 [38, 40]). By modeling the turbulent
velocity spectrum so that it behaves as Kolmogorov or
Burgers turbulence for scaling index ϑ = 1/3, 1/2 respec-
tively, it can be shown that the magnetic field growth
rate is given by [36, 43]
Γ =
(163− 304ϑ)
60
Re(L)
(1−ϑ)/(1+ϑ)τ−1L . (5)
This result is valid in the large Prandtl number limit
Pm  1, which is relevant to cosmological plasmas. Since
the Reynolds numbers are typically very large, the mag-
netic fields can be amplified very rapidly. We also note
that this analytical result for the growth rate has been
verified by Ref. [43] via a numerical integration of the
Kazantsev equation.
The phase of rapid exponential amplification comes to
an end when the magnetic energy becomes comparable
to the kinetic energy on the dissipative scale ldiss. The
system then enters a stage of nonlinear growth, where
the magnetic field grows as some power law in time
Brms(t) ∝ tϑ/(1−ϑ) [44]. This phase lasts until the mag-
netic field is saturated on the forcing scale L. Saturation
is given by the approximate equipartition between mag-
netic and kinetic energy EM/Ekin ≈ ε. This occurs when
〈B2(x)〉 ≈ 4piε(ρ+ p)〈v2(x)〉 , (6)
where the parameter ε quantifies the saturation effi-
ciency. Numerical studies (for Pm ≈ 2) indicate that the
SSD mechanism is more efficient for rotational modes,
where the saturation efficiency ε is close to unity [35].
Whereas the saturation level is lower for compressive
modes ε ∼ 10−3 − 10−4 [35]. However, further numeri-
cal work is required to establish the saturation level for
large Prandtl numbers. So far there are no analytical
results to determine the efficiency parameter ε.
Here, we stress that the SSD mechanism is a rather
generic phenomenon, in the sense that the mechanism
works independently of the type of turbulence [36, 45, 46].
In particular, it is interesting to note that even purely
irrotational turbulence can still drive a small-scale dy-
namo. This was originally shown by Ref. [46] and later
Ref. [36] reached similar conclusions. Hence, the efficient
amplification of magnetic fields seems unavoidable if any
kind of turbulence is generated in a magnetized plasma.
III. TURBULENCE IN THE EARLY UNIVERSE
In this section we use Eq. (1) to calculate the Reynolds
numbers in the radiation dominated (RD) era in order
to identify epochs of turbulence. With large Reynolds
numbers, as we have argued in the previous section that
any injection of kinetic energy into the plasma will lead
to a state of fully developed turbulence for a range of
scales. In the RD era, the kinetic Reynolds number in
the diffusive regime is given by
Re(l, T ) =
5g∗(T )
gν,γ
vrmsl lc
lν,γmfp,c(T )
, (7)
where the shear viscosity ηs = (gν,γ/5g∗)l
ν,γ
mfp is deter-
mined by the particles of longest mean free path lν,γmfp,
which are either neutrinos or photons depending on the
time. Here, g∗ and gν,γ are the total and component
number of effective relativistic degrees of freedom.
In the very early Universe, before neutrino decoupling
T >∼ 2.6 MeV, neutrinos have the longest mfp and are
thus most efficient at transporting momentum and heat.
At high temperatures the shear viscosity due to neutrinos
is low and the plasma could be in a turbulent regime
Re  1. At this time, the comoving mfp is [31]
lνmfp,c '
a−1
G2FT
2(nl + nq)
, (8)
4which is proportional to 1/T 4. Here nl = 6glζ(3)T
3/7pi2
and nq = 6gqζ(3)T
3/7pi2 are the lepton and quark num-
ber densities, gl,q are the number of degrees of freedom
for relativistic leptons and quarks, ζ is the Riemann zeta
function and GF is the Fermi constant. However, the
neutrino mfp increases as the Universe expands and cools,
leading to a viscous regime Re < 1 (see e.g. Ref. [30]).
Eventually the neutrinos decouple at Tdec ' 2.6 MeV.
From here on, momentum and heat is effectively trans-
ported by the photons. At early times, photons generate
a small shear viscosity in the plasma and the fluid flow
could become turbulent once again. The comoving pho-
ton mfp is given by [47]
lγmfp,c '
a−1
σT (n2pair + n
2
e)
1/2
, (9)
where σT = 8piα
2/3m2e is the Thomson cross section,
α ≈ 1/137 is the fine structure constant and me is the
electron mass. During this epoch, the number densities
npair and ne of e
± pairs and free electrons respectively
are given by [47]
npair ≈
(
2meT
pi
)3/2
exp
(
−me
T
)(
1 +
15
8
T
me
)
, (10)
ne = Xe
Ωbρ0
mp
(
T
T0
)3
, (11)
where mp is the proton mass, the baryon fraction and
present day density product is Ωbρ0 ' 1.81× 10−12 eV4
[48], T0 ' 2.725 K is the present day photon temperature
and the ionization fraction is Xe = 1 in the RD era.
Once the temperature decreases below the electron
mass T < me ' 0.511 MeV, e± pairs begin to annihilate
and the photon mfp increases rapidly. The e± annihila-
tion completes at around T ' 20 keV. After this, as the
temperature drops further, photons begin to diffuse fol-
lowed by photon drag and the fluid is in a viscous regime
once again [30, 31]. Hence, there are two epochs in the
RD era, before and after neutrino decoupling, where the
Reynolds numbers could be large and turbulence is po-
tentially fully developed for a range of scales.
Diffusing particles also damp away velocity fluctua-
tions (see Sec. III C). Therefore, before diffusion sets
in, there is always a possibility for the plasma to be
in a turbulent state if the considered scales are large
enough. However, the eddy-turnover time increases for
larger scales. We must therefore look at the evolution of
all relevant scales carefully in order to establish whether
or not turbulence is possible. To complete the calculation
for the Reynolds numbers, we must estimate the turbu-
lent velocity fluctuations in the early Universe. In the
next two subsections we present two mechanisms for the
generation of turbulence in the RD era.
A. Turbulence from primordial density
perturbations
To explain the formation of the large-scale structure
in the Universe observed today, a primordial density per-
turbation of magnitude δρ/ρ ∼ 10−5 is required at the
time of matter-radiation equality [29]. The primordial
density perturbation is thought to have been generated
at a much earlier time and therefore must be present in
the very early Universe during the RD era. Cosmic in-
flation provides the most compelling explanation for the
origin of the primordial perturbation [49].
Well before horizon entry, the primordial curvature
perturbation, which determines the gravitational poten-
tial Φ, remains constant and given by the initial condi-
tion Φ0. In the Newtonian gauge, its equation of mo-
tion is Φ′′ + 3H(1 + w)Φ′ − w∇2Φ = 0, where p = wρ,
H = a′/a and ′ ≡ ∂/∂η with conformal time η [50]. In the
RD era w = 1/3, the solution for the Fourier modes reads
Φ(k, η) = 3[j1(y)/y]Φ0(k), where y ≡ kη/
√
3, k is the co-
moving wave number and j1(y) = sin y/y
2 − cos y/y is
the first spherical Bessel function. As a Fourier mode
of the gravitational potential reenters the horizon dur-
ing the RD era, it begins to oscillate with an amplitude
decreasing as 1/y2 ∝ 1/t.
The initial conditions, which are probed by observa-
tions, are given by the two-point correlation function
〈Φ0(k1)Φ∗0(k2)〉 = (2pi)3PΦ(k)δ3(k1 − k2), (12)
where PΦ(k) = (2pi
2/k3)(9/25)∆2R(k0) (k/k0)
ns−1. The
results of the Planck mission give ∆2R(k0) = 2.215× 10−9
and ns ' 0.96 for the pivot scale k0 = 0.05 Mpc−1 [48].
Perturbations in the fluid 3-velocity field are generated
by the density perturbations. At first-order in density
perturbations, the fluid velocity perturbation is purely
irrotational (curl free) with Fourier modes [50]
vi(k, η) = − iki
2H2 [Φ
′(k, η) +HΦ(k, η)] (13)
= −i3
√
3
2
kˆi [sin y − 2j1(y)] Φ0(k) . (14)
These modes vi oscillate with the density perturbation,
but have a term which does not decay with the expansion.
Let us define the spectrum of velocity perturbations in
Fourier space by the two-point correlation function
〈vi(k1, η)v∗i (k2, η)〉 = (2pi)3
2pi2
k3
Pv(k)δ3(k1 − k2) . (15)
Hence, with Eq. (14) and the spectrum PΦ we find
Pv(k) = 243
100
[sin y − 2j1(y)]2 ∆2R(k0) (k/k0)ns−1 . (16)
The velocity spectrum oscillates rapidly for subhorizon
scales y, k/H  1, therefore we can average Pv(k) over
many oscillations. For a scale invariant primordial spec-
trum ns = 1 we find Pv(k) ' 243200∆2R(k0). Hence, on
5subhorizon scales, the spectrum of velocity perturba-
tions generated by first-order density perturbations is
isotropic, homogeneous, Gaussian and to a good approx-
imation scale invariant, see Fig. 1.
The root-mean-square (rms) velocity is then given by
vrms ≡
√
〈v2(x)〉 =
(∫ ∞
0
Pv(k)dk
k
)1/2
. (17)
It will also be useful to define the rms velocity on a given
comoving length scale lc = 2pi/kl by
vrmsl '
(∫ kdiss
kl
Pv(k)dk
k
)1/2
, (18)
where ldiss,c = 2pi/kdiss is a cut-off or dissipative scale.
The typical value of the velocity perturbation is therefore
vrmsl ∼
√
Pv(k) '
√
∆2R(k0) ' 5× 10−5, (19)
where natural units are used such that c = 1.
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FIG. 1. The spectrum of velocity perturbations, given in
Eq. (16), at a temperature T ' 0.21 GeV. The figure shows
how the velocity perturbations are generated upon horizon
entry (at around lc ' 0.31pc) and are scale invariant un-
til damping due to neutrino diffusion takes over at around
lc ' 1.5× 10−5pc (see Sec. III C).
In the radiation dominated era, new k-modes of the
primordial density perturbation, which generate veloc-
ity perturbations, are continuously reentering the hori-
zon. This continuous production of velocity perturba-
tions can be seen as the continuous forcing of the fluid
on the largest scales. Thereby, if the Reynolds numbers
are large enough, turbulent flow will occur. The velocity
perturbations forcing the fluid are purely longitudinal in
this case. However, rotational modes will be generated
at second order in cosmological perturbations [51–55]. In
any case, with Re  1, nonlinear interactions can play a
role in generating turbulence with both longitudinal and
rotational fluid motions. Therefore, a state of fully de-
veloped (or stationary) turbulence can be expected on a
time scale of order the eddy-turnover time scale at the
forcing scale τL i.e. τL = 1/H in an expanding Universe
(see Sec. II). Hence, for all scales below L = vrmsL /H,
there are many eddy-turnover times per Hubble time
τl <∼ 1/H. This condition ensures interactions between
eddy flows leading to fully developed turbulence with a
spectrum given in Eq. (3). A second condition is that the
Reynolds number on the forcing scale L is larger than
some critical value for which turbulence is expected, i.e.
Re(L) >∼ Rcre ∼ 103. With these two conditions we find
the range of scales, corresponding to the inertial range,
ldiss <∼ l <∼ L, where Re(ldiss) ∼ 1. In Sec. III D we es-
tablish when, in the RD era, and on what scales, the
Reynolds numbers are large given the turbulent velocity
fluctuations generated by the primordial density pertur-
bations.
B. Turbulence injected from phase transitions
In this section we briefly describe another mechanism
for the generation of turbulence in the RD era. The
mechanism occurs during first-order phase transitions
when bubbles of the new phase collide and merge [56–
58]. In the early Universe, the electroweak and QCD
phase transitions are potentially first order, although
under early Universe conditions with very small chem-
ical potentials the QCD transition is a smooth transition
whereas the electroweak transition could be first order in
certain Standard Model extensions. These violent phe-
nomena can inject large kinetic energy into the plasma,
thereby generating turbulence and allowing the possibil-
ity of small-scale dynamo action.
The characteristic time scale for the phase transition
is given by the rate of bubble nucleation β−1. Here β is
expected to be β ∼ 100H [58]. The largest bubbles reach
a size β−1vb by the end of the phase transition, where
vb is the bubble wall expansion velocity. Thus, we take
L ' β−1vb as the largest stirring scale and τstir = β−1
as the stirring time scale [58]. The phase boundary can
propagate via two modes, deflagration and detonation,
where the wall velocity vb is subsonic and supersonic re-
spectively [56, 57]. It has been argued in the literature
that deflagrations are unstable to becoming detonations
via bubble wall instabilities [59]. Hence, for simplicity we
will only consider detonations, where the wall velocity is
fully determined and given by [56]
vb(α) =
1
1 + α
(
1√
3
+
√
α2 +
2α
3
)
. (20)
Here α ≡ ρvac/ρthermal determines the strength of the
phase transition. In this case, the fraction of vacuum
energy converted to kinetic energy κ ≡ ρkin/ρvac takes
the form [57]
κ(α) =
1
1 + 0.72α
(
0.72α+
4
27
√
3α
2
)
. (21)
6For phase transitions that give large stirring times
compared to the eddy turnover time of the largest scale
τstir  τL, a direct cascade of energy is set up and a
state of fully developed turbulence is established in a
time scale τL and can be expected for a duration time
τstir [58]. Since the rate of energy dissipation is equal to
the mean input power in stationary turbulence, the am-
plitude of the Kolmogorov spectrum can be easily deter-
mined. This calculation is done in Ref. [58], where they
show that vrmsL ' (ακvb)1/3 and argue that vrmsL <∼ 1/
√
3.
Hence, the condition for this simpler case τstir  τL is
translated to 3vb 
√
2ακ [58, 60] which is satisfied only
for α >∼ 1. Therefore, in this case of strong detonation
α >∼ 1 we have vrmsL ∼ 1 [57]. However, if τstir <∼ τL, a
state of turbulence can still be expected [58]. The stirring
corresponds to an impulsive force acting on the plasma
that will cascade down to smaller scales. Eddy flows on
large scales L act as a source for eddies on smaller scales
for a duration time τL. Following Ref. [60], in the time
scale τL, we neglect the decay of the turbulence and as-
sume a state of fully developed turbulence for a duration
time τL [58]. Numerical work in Ref. [61] has established
that kinetic energy in the form of acoustic waves persist
well beyond the time of the phase transition. The non-
linear interaction of these acoustic waves could also be a
source of turbulence on larger time scales. In the weak
detonation limit α <∼ 1, we find [57, 58]
vrmsL '
√
2ακ
3(2pi)4/3
. (22)
Hence, for first-order phase transitions of strengths in the
range α ∼ (10−5 − 10−1), we find turbulent velocities
vrmsL ∼ (10−4 − 10−1) . (23)
In this case, the turbulence is expected to be of Kol-
mogorov type.
C. Damping of turbulence
Velocity perturbations of the baryonic fluid are
damped below a scale lD due to particles diffusing out
of overdense regions. The damping is very efficient and
given by (see for example Ref. [62])
v ∝ exp
[
−
(
lν,γD
lc
)2]
, (24)
where lc is a comoving length scale. In the RD era, the
comoving damping scale due to neutrinos or photons ran-
dom walking out of perturbations is given by [29, 62]
(lν,γD )
2 '
∫ t
0
lν,γmfp,c(t
′)
a(t′)
dt′ , (25)
where lν,γmfp,c is the comoving particle mean-free-path
(mfp). The efficient damping of velocity perturbations
is seen in the spectrum in Fig. 1. This important effect
must be considered carefully when we come to investi-
gate the scales of turbulence in the RD era (see next
section). Here, we briefly note that although turbulent
velocity fluctuations are efficiently damped due to dif-
fusing particles, magnetic fields become overdamped and
survive through such viscous and free-streaming regimes
(this effect is discussed in detail in Sec. IV B) [30, 31, 63].
D. The scales of turbulence
The evolution of relevant scales from the time of the
electroweak (EW) scale TEW ∼ 100 GeV to the time of
neutrino decoupling Tdec ' 2.6 MeV is shown in Fig. 2.
In this early epoch the neutrinos generate the plasma
viscosity. The QCD phase transition occurs at around
TQCD ' 200 MeV. The scales of interest are the comov-
ing Hubble scale lH = 1/aH, the largest stirring scale
Lc = v
rms
L /aH with the values v
rms
L from primordial den-
sity perturbations (PDP) and first-order phase transi-
tions (PT) in eqs. (19) and (23) respectively, and the
damping scale due to neutrino diffusion lνD [cf. Eq. (25)].
Here, we assume that the damping scale due to neutrino
diffusion is the only relevant damping scale at this time
i.e. the velocity perturbations on small scales are not
damped due to physical processes at higher tempera-
tures. Indeed, this is a safe assumption since neutrinos
are the most weakly interacting particles in the Stan-
dard Model and at early times are the most efficient heat
transporters.
Let us first consider the turbulence generated by the
primordial density perturbations (PDP). From Fig. 2 we
can see that for T >∼ 0.2 GeV the stirring scale Lc,PDP
(the lower blue dotted line in the figure) is larger than
the damping scale lνD. Hence, the velocity perturba-
tions are not damped and we can use the value given
in Eq. (19). With this value for the vrmsL we can calcu-
late the Reynolds numbers Re(Lc) from Eq. (7), these are
shown in Fig. 3 (the lower dotted blue line). We find that
Re(Lc) 1 for 0.2 <∼ T/GeV <∼ 100. The largest stir-
ring scale, over which large Reynolds numbers are found,
is roughly given at T ' 0.2 GeV i.e. Lc,PDP ∼ 10−5pc.
Hence, at these times, between the damping scale lνD and
Lc,PDP, we expect a state of fully developed turbulence.
However, for T <∼ 0.2 GeV, the scale Lc,PDP is below the
damping scale lνD, which means that velocity perturba-
tions generated by the primordial density perturbation
are exponentially damped [cf. Eq. (24)] and so are the
Reynolds numbers. Thus, below this temperature, the
plasma is in a viscous regime and there is no turbulence.
For turbulence generated by first-order phase transi-
tions (PT), the stirring scale can be much larger (the
upper dotdashed blue line in Fig. 2), since the velocity
fluctuations can be much stronger [cf. Eq. (23)]. Hence,
if the phase transition occurs at any time in the epoch
between T ∼ (102 − 10−3) GeV, a state of turbulence can
be expected. In Fig. 3, the Reynolds numbers are shown
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FIG. 2. This figure shows the evolution of relevant co-
moving scales from the EW scale TEW ∼ 100 GeV to the
time of neutrino decoupling at Tdec ' 2.6 MeV. In this early
epoch the neutrinos generate the plasma viscosity. The QCD
phase transition occurs at around TQCD ' 200 MeV. Here,
lH = 1/aH is the Hubble scale (solid, black), l
ν
mfp,c is the
neutrino mean-free-path (dashed, green) and lνD is the damp-
ing scale due to neutrino diffusion given by Eq. (25) (dashed,
brown). For turbulence generated by the primordial density
perturbation (PDP) and first-order phase transitions (PT),
the largest stirring scales Lc = v
rms
L /aH are shown with the
values vrmsL from eqs. (19) and (23) (dotted, blue) and (dot-
dashed, blue) respectively. In Eq. (23), the upper value for
vrmsL is used. Although the turbulent motions from PDP be-
come completely damped below T ' 0.2 GeV, the magnetic
field gets frozen-in with integral scale λc (dashed, red).
to be very large between the EW and QCD scales, indi-
cating a highly turbulent state. The largest stirring scale,
over which large Reynolds numbers are found, is roughly
given by the horizon size at that time of the phase tran-
sition: 1/aH|QCD ∼ 0.1 pc and 1/aH|EW ∼ 10−4 pc for
the QCD and EW phase transitions respectively.
The evolution of relevant scales from the time of neu-
trino decoupling Tdec ' 2.6 MeV to a time long after e±
annihilation T ' 100 eV is shown in Fig. 4. In this epoch
the photons generate the plasma viscosity. The scales of
interest are the comoving Hubble scale lH = 1/aH, the
largest stirring scale Lc,PDP = v
rms
L /aH with the value
vrmsL from Eq. (19) and both damping scales l
ν,γ
D given by
Eq. (25). The largest damping scale due to neutrino dif-
fusion (which occurs at an earlier time) is approximately
given by the particle horizon at the time of neutrino de-
coupling i.e. lνD ≈ 1/aH|dec ' 42 pc [31]. Here, we as-
sume that, if there is indeed a first-order phase transition,
it would have occurred at a much earlier time. Therefore,
in this epoch, turbulence can only be generated by the
primordial density perturbations.
However, with the value of the rms velocity from
Eq. (19) damped only by photon diffusion, we can clearly
see from Fig. 4 that the scale Lc,PDP is below the largest
damping scale due to neutrino diffusion lνD ≈ 42 pc
throughout this epoch. Therefore, the velocity pertur-
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FIG. 3. This figure shows the evolution of the different
Reynolds numbers from the EW scale TEW ∼ 100 GeV to the
QCD scale TQCD ' 200 MeV. The kinetic Reynolds number
Re(Lc) (dashed, blue) is determined from eqs. (7) and (8) and
the magnetic Reynolds number Rm(Lc) (dotted, red) from
eqs. (4) and (26). The lower lines for the Reynolds numbers
correspond to turbulence generated by the primordial den-
sity perturbations (PDP) i.e. using the (undamped) value for
vrmsL from Eq. (19). The upper lines for the Reynolds numbers
correspond to turbulence generated by first-order phase tran-
sitions (PT) with the (undamped) value vrmsL ∼ 10−1 from
Eq. (23). This figure clearly shows that Re  1 in all cases,
suggesting that the plasma is in a state of fully developed tur-
bulence during this time. The figure also shows the Prandtl
numbers Pm = Rm/Re  1 (solid, brown).
bations are efficiently damped by particle diffusion [cf.
Eq. (24)]. Indeed, on the scale Lc,PDP, the velocity per-
turbations generated by the primordial density perturba-
tions are completely erased due to neutrino diffusion at
this time. Hence, the kinetic Reynolds numbers become
vanishingly small even when the shear viscosity is very
small. Thus, at these temperatures, the plasma is in a
viscous regime and there is no turbulence.
IV. EVOLUTION OF COSMOLOGICAL
MAGNETIC FIELDS
In this section we consider the cosmological evolution
of magnetic fields from the time of their generation to
the present day (see for example Refs. [30, 31, 63] ). We
first consider the amplification of magnetic seed fields
due to small-scale dynamo (SSD) action in the early Uni-
verse. Then, we consider the subsequent evolution to the
present time. In order to compare with observations, it is
important to theoretically determine the final magnetic
field strength and coherence length.
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FIG. 4. This figure shows the evolution of relevant comoving
scales from the time of neutrino decoupling at Tdec ' 2.6 MeV
to a time long after e± annihilation at T ' 100 eV. In this
epoch the photons generate the plasma viscosity. The time of
e± annihilation occurs at me >∼ T >∼ 20 keV. Here, lH = 1/aH
is the Hubble scale (solid, black), lγmfp,c is the photon mean-
free-path (dashed, green), Lc,PDP = v
rms
L /aH (dotted, blue)
with the value vrmsL from Eq. (19), and l
γ
D is the damping scale
due to photons (dotdashed, red) given by Eq. (25). Velocity
fluctuations below the scale lνD ≈ 1/aH|dec ' 42 pc (shaded
area) are damped due to neutrino diffusion at an earlier time,
see Fig. 2. Hence, below lc ≈ 42 pc, the velocity perturba-
tions generated by the primordial density perturbations are
completely erased and no turbulence can be generated in this
epoch.
A. Amplification by small-scale dynamo action
In Sec. III we identified two mechanisms that gener-
ate turbulence in the early Universe. In a turbulent and
weakly magnetized plasma, small magnetic seed fields
can be amplified exponentially through the SSD action
(as described in Sec. II). Let us now assume that small
magnetic seed fields exist at the time of the EW phase
transition. These fields may have been generated at the
phase transition [10] or at an earlier time (for example
during inflation [9]). We now investigate the possibility
of SSD action in the RD era.
The injection of kinetic energy, together with large
Reynolds numbers, leads to a state of fully developed
turbulence. In the previous section we found that turbu-
lence is expected due to primordial density perturbations
or first-order phase transitions at high temperatures, be-
tween 0.2 <∼ T/GeV <∼ 100 (see Fig. 3). Indeed, we ex-
pect fully developed turbulence below the stirring scale
Lc = v
rms
L /aH. At these temperatures, the conductivity
σ is given by [64]
0.76T <∼ σ <∼ 6.7T , (26)
where the larger value corresponds to the upper tempera-
ture bound. With the above we can calculate the Prandtl
numbers and the magnetic Reynolds numbers. These are
also shown in Fig. 3. The Prandtl numbers at these times
are very large, Pm ∼ (102 − 1012), which means that we
can neglect dissipative effects due to finite conductivity
throughout the epoch of interest. From Eq. (4), we find
the magnetic Reynolds numbers Rm(Lc) ∼ (109 − 1012)
for turbulence generated by primordial density perturba-
tions and a maximum range of Rm(Lc) ∼ (1016 − 1018),
using the upper value vrmsL ∼ 0.1 in Eq. (23), for tur-
bulence generated by first-order phase transitions. The
large magnetic Reynolds numbers, Rm  Rcrm ≈ 60 (for
Kolmogorov turbulence) [17], indicate that we are well
within the regime where the SSD mechanism is expected
to operate.
Figure 5 shows the magnetic field growth rate Γ,
where Brms ∝ exp(Γt), which is determined from the
Kazantsev model of the SSD mechanism and given in
Eq. (5). The growth rate depends on the type of turbu-
lence, where ϑ = 1/3, 1/2, applicable on the inertial range
ldiss < l < L [cf. Eq. (3)], for Kolmogorov and Burgers
type turbulence respectively. Here, we assume that the
turbulence is of Kolmogorov type, which is relevant for
the subsonic velocity fluctuations determined in this pa-
per. Now, since Γ varies in time, it will be useful to con-
sider the number of e-foldings given by N ≡ ∫ Γ(t)dt. In
Fig. 5, the growth rate is shown in units of the turnover
rate of the largest eddy τ−1L and N(T ) is shown where
Γ(T ) is integrated from T = 100 GeV to temperature T .
Since the magnetic field grows as Brms ∝ exp(Γt), the
number of e-foldings gives the total amplification factor.
Due to very large Reynolds numbers, the growth rate is
initially very large and the number of e-foldings quickly
becomes large. Hence, we find a very rapid increase in
the field strength and a huge amplification factor leading
to rapid saturation.
The phase of rapid exponential amplification comes to
an end when the magnetic energy becomes comparable
to the kinetic energy. In the radiation dominated epoch,
this saturation occurs when
〈B2(x)〉 ≈ 8
45
pi3εg∗T 4〈v2(x)〉 , (27)
where g∗ is the total number of effective relativistic de-
grees of freedom, and the parameter ε quantifies the satu-
ration efficiency (see Sec. II). Without further dynamical
evolution, the field strength will only be diluted by the
expansion B ∝ a−2 ∝ T 2. Let us assume that the mag-
netic field becomes saturated on the largest forcing scale
Lc. Thus, redshifted to present day values we find
Brms0 = a
2Brms ≈
√
8
45
pi3εg∗(T∗)T 20 v
rms
L , (28)
where T0 is the present day photon temperature and
T∗ is the radiation temperature at the time of magnetic
field amplification. With this simple assumption, we find
that in order to saturate magnetic seed fields of strength
Bseed0 ' (10−30 − 10−20) nG up to O(1) nG level we re-
quire e-folding numbers N ' 46− 70.
910-1 100 101 10210
-1
101
103
105
107
Temperature HGeVL
G
ro
w
th
ra
te
HΤ
L-
1 L
ã
-
fo
ld
in
gs
Time
Phase transitions
Primordial perturbations
FIG. 5. This figure shows the SSD growth rate Γ (solid)
and number of e-foldings N =
∫
Γ(t)dt (dashed) from the
time of the EW scale TEW ∼ 100 GeV to the QCD scale
TQCD ' 200 MeV. Recall that the magnetic seed field is am-
plified as Brms ∝ exp(Γt). The growth rate, shown here in
units of τ−1L , is determined from Eq. (5) where Kolmogorov
turbulence ϑ = 1/3 is assumed. The growth rate and the
number of e-foldings for turbulence generated by the primor-
dial density perturbation and first-order phase transitions are
shown in (black) and (blue) respectively.
We can now estimate the saturated field strength from
Eq. (28). For turbulence generated by the primordial
density perturbation, the kinetic energy is given by the
typical velocity fluctuations in Eq. (19). Hence, we
find a saturated magnetic field strength whose value
today is Brms0 ≈ 1× 10−9ε1/2 G. For turbulence gen-
erated by first-order phase transitions, the kinetic en-
ergy is given by the velocity fluctuations in Eq. (23) i.e.
vrmsL ∼ (10−4 − 10−1). Hence, we find the saturated field
strengths in the range Brms0 ≈ (10−3 − 1)ε1/2µG.
Here we note that the amplification up to saturation of
magnetic seed fields from kinetic energy injected at first-
order phase transitions has been considered previously
in the literature, see for example Ref. [10] and references
within. However, we believe it is important to point out
that there is a well-defined and clearly described dynamo
process that does the amplification, namely the small-
scale dynamo theory provides the relevant framework for
predictions regarding growth rates and saturation levels.
In the case where turbulence is generated by the pri-
mordial density perturbation, the fluid forcing is contin-
uous and turbulence is fully developed throughout this
epoch. Hence, as we can see from Fig. 5, the number
of e-foldings quickly become very large N >∼ O(100) and
there is enough time in this epoch for tiny magnetic seed
fields to saturate. However, for turbulence generated by
first-order phase transitions, the fluid forcing is not con-
tinuous. In Sec. III A, we argue that for α <∼ 1, the time
scale for the duration of turbulence is approximately τL
[58]. Therefore, the number of e-foldings N ≡ ∫ Γdt is
roughly given by Γ/τ−1L ≈ R1/2e  1 (see Eq. (5) assum-
ing a Kolmogorov spectrum). Hence, the magnetic fields
can easily become saturated in the time scale of the phase
transition.
The saturated field strengths are very strong. How-
ever, the scales over which we expect saturation are very
small. We expect saturation on scales from the damp-
ing scale lD up to the largest forcing scale Lc. For a
Kolmogorov spectrum, where most power resides on the
largest scale, we can identify Lc as the comoving coher-
ence length λc of the magnetic field. For turbulence gen-
erated by the primordial density perturbation, the largest
forcing scale in the epoch considered is Lc at T ' 0.2GeV
i.e. λc ∼ 10−5pc (see Fig. 2). For turbulence gener-
ated by first-order phase transitions, the length scales
on which saturation is expected depends on the exact
time of the phase transition. The basic constraint on the
coherence length is the horizon size at the time of the
phase transition; λc ' 0.1 pc and λc ' 10−4 pc for the
QCD and EW phase transitions respectively.
To obtain larger coherence lengths, the magnetic field
would need to be amplified and saturated at a later time
when the Hubble horizon is larger and turbulence de-
velops on larger scales. Unfortunately, the velocity per-
turbations generated by the primordial density pertur-
bation are efficiently damped below T ' 0.2 GeV and
therefore do not lead to a state of fully developed tur-
bulence. Without turbulence there is no SSD action and
therefore no amplification of primordial magnetic fields.
For the SSD mechanism to be effective at a later time in
the RD era, a different mechanism which injects kinetic
energy into the plasma is required.
B. Subsequent evolution
In the previous section we considered the amplification
of magnetic seed fields at the time when turbulent kinetic
energy is injected into the primordial plasma. The inte-
gral scale of the magnetic field, which is amplified up
to equipartition with the kinetic energy, is determined
by the scale of the injected turbulence. In this section
we consider the cosmological evolution of the magnetic
field strengths and coherence lengths from the time after
the injection of turbulence to the present time. We fol-
low the works of Refs. [30, 31, 63, 65, 66] for the growth
of the coherence length and the damping of turbulence
in this subsequent regime in order to determine the fi-
nal magnetic field strengths and coherence lengths. The
most important result from such works is that magnetic
fields generated in early epochs survive through viscous
and free-streaming regimes, unlike velocity perturbations
which are efficiently damped (see Sec. III C).
In the turbulent regimes, strong magnetic fields on
small scales drive turbulence in the plasma up to equipar-
tition. The turbulence removes power on small scales
thereby increasing the correlation length and reducing
the field strength. This turbulent magnetohydrodynamic
(MHD) effect, free turbulent decay, depends on the type
of turbulence generated and on whether or not the mag-
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netic field is helical [30, 63]. For nonhelical fields, the
growth of the coherence length is purely due to the dissi-
pation of power on small scales. In the helical case, there
is an inverse cascade effect where the power on larger
scales grows [30, 67].
Let us only consider nonhelical magnetic fields in tur-
bulent regimes. The growth of λc is a power law in time
with an index that depends on the magnetic field spec-
trum nB . For magnetic fields generated by causal pro-
cesses, e.g. phase transitions, the index is nB = 2 [68]. In
this case λc ∼ t2/7, t2/5 and the magnetic field strength
at the scale λc evolves as a
2Brms ∼ t−5/7, t−3/5 for in-
compressible (Kolmogorov) and compressible (Burgers)
type turbulence respectively [30, 63, 65, 66]. Hence, the
evolution of the field strength and coherence length up to
the time of recombination is determined by the relation
a2Brms ∼ λ−nc , (29)
where n = 52 ,
3
2 for Kolmogorov and Burgers turbulence
respectively [30, 63, 65, 66].
Besides the evolution of magnetic fields in the turbu-
lent regimes, in the RD era, there are also epochs of
viscous damping and free-streaming. In a magnetized
plasma, there are different modes in which magnetic en-
ergy can be stored; fast, slow and Alfve´n modes, as op-
posed to only the acoustic mode in the case of veloc-
ity fluctuations. The fast magnetosonic mode decays
in the same manner as the acoustic mode due to par-
ticle diffusion, see Eq. (25). However, the slow and
Alfve´n modes evolve differently and can become over-
damped [31]. Hence, the magnetic energy stored in these
modes becomes frozen-in. The overdamping depends on
the scales and magnetic field strength. Therefore, mag-
netic fields survive through viscous and free-streaming
regimes, which is in contrast to turbulent velocity fluctu-
ations that become efficiently damped. In the viscous
damping and free-streaming regimes, the evolution of
a2Brms and λc is halted until free turbulent decay be-
gins again [30, 63]. The evolution due to free turbulent
decay terminates when the correlation length and field
strength end on the line, in the {a2Brms, λc} plane, given
by [30, 63]
a2Brms ' 10−8 λc
Mpc
G . (30)
This line corresponds to the largest eddies being pro-
cessed at recombination 1/(arecHrec) ' λc/vA with vA
the Alfve´n speed [63]. In the matter dominated Universe,
there is no further evolution of the magnetic field correla-
tion length λc, although strong fields on small scales can
drive turbulence at much later times in the intergalac-
tic medium and restore the turbulent decay [63]. In this
sense, Eq. (30) becomes an upper bound on the present
day magnetic field strength. The difference in evolution
of the magnetic modes, in contrast to acoustic modes,
means that fields generated and amplified in the radia-
tion dominated era can survive to the present day.
As seen in the previous subsection, turbulence gen-
erated by the primordial density perturbation can am-
plify tiny magnetic seed fields through the SSD mech-
anism to values of order a2Brms ∼ 1ε1/2 nG on scales
at most λc ∼ 10−5 pc. From eqs. (29) and (30),
these fields would evolve to a2Brms ∼ 10−6ε1/2 nG on
scales λc ∼ 10−1 pc. Since the primordial density per-
turbation is necessarily present for structure forma-
tion, such fields are guaranteed by the SSD mecha-
nism and can play an important role in structure for-
mation. Unfortunately, these fields are too weak on too
short scales to explain the Fermi observations of TeV
Blazars [6]. However, turbulence generated by first-order
phase transitions can amplify magnetic seed fields to
values of order a2Brms ∼ (10−3 − 1)ε1/2 µG on scales
λc ∼ (10−4 − 10−1) pc. These initial field configurations
will evolve to a2Brms ∼ (10−6 − 10−3)ε1/2 nG on scales
λc ∼ (10−1 − 102) pc. Such fields are strong enough to
explain the Fermi observations of TeV Blazars [6].
V. SUMMARY
In this paper we have identified two mechanisms
that generate turbulence in the radiation dominated
Universe. The two mechanisms inject kinetic energy
into the primordial plasma at times when the kinetic
Reynolds numbers are very large Re  1. With the
injection of kinetic energy, which is determined by
vrmsL , and large Reynolds numbers, a state a fully de-
veloped turbulence is expected on the inertial range:
ldiss,c < lc < Lc, where Lc = v
rms
L /aH is the largest forc-
ing scale and ldiss,c ∼ LcRe(L)−3/4 is the dissipative
scale (for Kolmogorov turbulence). The two mecha-
nisms for generating velocity fluctuations are: by the pri-
mordial density perturbation and bubble collisions dur-
ing first-order phase transitions. In Sec. IV A, we have
seen that turbulence is inevitably generated by the pri-
mordial density perturbation prior to the QCD scale
T >∼ 200 MeV. In Sec. III B, we investigated the possi-
bility of turbulence generated at first-order phase transi-
tions between the electroweak (EW) and the QCD scales
200 MeV <∼ T <∼ 100 GeV. For the generation of turbu-
lence at first-order phase transitions, we have simply fol-
lowed the same assumptions made in the literature re-
garding the dynamics of the phase transitions [57, 58, 60].
The turbulence generated can amplify tiny magnetic
seed fields through the small-scale dynamo (SSD) mech-
anism. If we assume that the plasma is already weakly
magnetized by the time of the EW scale, then SSD am-
plification will inevitable occur. The rapid amplifica-
tion ends at saturation when the magnetic and kinetic
energies are in approximate equipartition EM/Ekin ≈ ε,
where the efficiency of the mechanism is characterized by
ε. The saturation efficiency parameter ε, which is deter-
mined numerically, varies depending on the type of forc-
ing. For rotational modes ε ≈ 1, whereas the saturation
level is lower for compressive modes ε ∼ 10−3 − 10−4 [35].
11
We note that these numerical studies were carried out for
Pm ≈ 2, further numerical work is required to establish
the saturation level for large Prandtl numbers.
In this paper, we show that, even for tiny seed fields
of strengths Bseed0 ' (10−30 − 10−20) nG, the SSD mech-
anism can operate for a long enough period of time and be
efficient enough to amplify such fields to saturation. The
magnetic field strength saturates at a2Brms ∼ 1ε1/2 nG
on scales at most λc ∼ 10−5 pc for turbulence generated
by the primordial density perturbation. Such fields, as-
sumed to be nonhelical, evolve to Brms0 ∼ 10−6ε1/2 nG
on scales λc ∼ 10−1 pc due to free turbulent decay. For
turbulence generated by first-order phase transitions,
the SSD mechanism can be even more effective, since
the turbulent velocities can be quite large compared
to those generated by the primordial density perturba-
tion. We show that the mechanism can amplify mag-
netic fields to strengths a2Brms ∼ (10−3 − 1)ε1/2 µG on
scales λc ∼ (10−4 − 10−1) pc. These initial field config-
urations evolve to a2Brms ∼ (10−6 − 10−3)ε1/2 nG on
scales λc ∼ (10−1 − 102) pc due to free turbulent decay.
Unfortunately, the damping of velocity perturbations
due to neutrino diffusion inhibits turbulence from de-
veloping below the QCD scale TQCD ' 200 MeV (un-
less there is an injection of kinetic energy from a first-
order phase transition prior to neutrino decoupling at
T >∼ 2.6 MeV, see Fig. 2). Hence, it is difficult to gener-
ate turbulence from these mechanisms on larger length
scales than lc ∼ 10−1 pc. Without turbulence there is no
SSD action and therefore no amplification of primordial
magnetic fields on larger scales.
Although turbulent velocities are completely erased in
viscous and free-streaming regimes, magnetic fields are
overdamped and can survive to the present day. Such
fields would fill the voids in the large scale structure and
provide the seeds for magnetic fields generated by struc-
ture formation and galactic dynamo. Unfortunately, the
saturated field strengths due to turbulence generated by
the primordial density perturbation are too weak on too
short scales in the voids of the large scale structure to
explain the Fermi observations of TeV Blazars [6]. How-
ever, the field strengths obtained due to turbulence gen-
erated by first-order phase transitions are strong enough
to explain such observations.
VI. DISCUSSION AND CONCLUSION
The discrepancy between theoretically generated and
observed magnetic fields in the Universe needs explain-
ing. The galactic dynamo can be a very effective mecha-
nism at producing the µG fields observed in spiral galax-
ies [1]. However, strong fields in young galaxies, clus-
ters and superclusters of galaxies and in the intergalactic
medium require further explanation [2–6]. As noted in
a number of numerical and analytical works, the rapid
amplification of magnetic seed fields can occur due to
the turbulent motions of the conducting plasma. This
small-scale dynamo (SSD) mechanism is believed to play
a crucial role in the formation of large magnetic fields in
a number of astronomical settings, from stars to galaxies
and the intergalactic medium [19–21, 39, 40]. For these
settings, the turbulent motions arise from gravitational
collapse, accretion and supernovae explosions. Hence,
the SSD mechanism can be highly effective at magnetiz-
ing structures in the early Universe. However, the large
field strengths apparently observed in the voids of the
large-scale structure [6] still require an explanation.
Magnetic seed fields will almost certainly be gener-
ated at some level in the early Universe through a va-
riety of mechanisms. Such mechanisms include infla-
tion [9], phase transitions [10] and the Harrison mech-
anism through the generation of vorticity [16]. The SSD
mechanism for the amplification of such seed fields could
play an important role for the explanation of the ob-
served large magnetic fields throughout the Universe. In
this paper we have demonstrated that the conditions nec-
essary for such turbulent amplification arise in the radi-
ation dominated Universe before the onset of structure
formation. We have shown that significant turbulence
is generated in this early epoch by at least two mecha-
nisms; velocity perturbations generated by the primor-
dial density perturbation and bubble collisions in first-
order phase transitions.
Turbulent plasma motions arise inevitably from per-
turbations of the gravitational potential. The continuous
production of velocity perturbations upon horizon entry
of primordial density modes, act as a continuous forcing
of the fluid on the largest scales. Therefore, in regimes
of large Reynolds numbers, a state of stationary fully de-
veloped turbulence is expected. Turbulent flow can be
triggered, for example, by thermal fluctuations on very
small scales [34]. Turbulence can also be injected into
the plasma by bubble collisions during first-order phase
transitions. Although the kinetic energy injection occurs
only for the duration of the phase transition, we argue,
following Refs. [58, 60], that a state of fully developed
turbulence is also expected from this mechanism.
Once fully developed turbulence is established, the
Kazantsev model of the SSD mechanism can be used to
estimate the magnetic field growth rate. We have demon-
strated that the Prandtl numbers are very large in the
regime considered. Thus, the results from the Kazantsev
theory for Pm  1 are applicable. The analytical work
shows that the magnetic field growth rate depends on the
kinetic Reynolds numbers [36, 46], which are very large
in our case. We have shown that, for both models of
turbulence, the amplification is strong enough for small
magnetic seed fields to reach a saturated state. The satu-
rated state is given by the approximate equipartition be-
tween magnetic and kinetic energy EM/Ekin ≈ ε, where
the parameter ε characterizes the efficiency of the mech-
anism.
We note that numerical studies at Prandtl numbers
Pm ≈ 2 indicate that the SSD mechanism is more effi-
cient for rotational modes, where the saturation efficiency
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ε is close to unity [35]. Whereas the saturation level is
lower for compressive modes ε ∼ 10−3 − 10−4 [35]. How-
ever, further numerical work is required to establish the
saturation level for larger Prandtl numbers and smaller
Mach numbers relevant to our settings. We also note
that, although only longitudinal velocity modes are gen-
erated by first-order primordial density perturbations,
rotational modes are generated at second order in cos-
mological perturbations [51–55]. Also, there is no rea-
son not to expect rotational modes generated by first-
order phase transitions. In any case, since the Reynolds
numbers are so large, nonlinear interactions can play a
role leading to a state of fully developed turbulence with
both rotational and longitudinal modes. In particular, we
expect that, below the integral scale, Kolmogorov type
turbulence is established. But we stress that the SSD
mechanism works independently of the type of turbu-
lence [36, 45, 46]. Indeed, even purely irrotational tur-
bulence can still drive a small-scale dynamo [35, 36, 46] .
Hence, the efficient amplification of magnetic fields seems
unavoidable, leading to a strongly magnetized early Uni-
verse prior to structure formation.
For the two mechanisms of turbulence investigated in
this paper, we calculated the saturated field strengths
and their subsequent evolution up to the present day.
We note that although turbulence is completely erased
in viscous and free-streaming regimes, magnetic fields are
overdamped and can survive to the present day. There-
fore, the most important epochs of evolution are due to
free turbulent decay. This turbulent MHD effect de-
creases the field strength and increases the coherence
length in nonhelical fields [30, 63]. From the turbu-
lence generated by the primordial density perturbation
we found Brms0 ∼ 10−6ε1/2 nG on scales λc ∼ 10−1 pc.
Unfortunately, even for a high efficiency factor ε ∼ 1,
these fields are too weak on too short scales to ex-
plain the Fermi observations of TeV Blazars [6]. From
the turbulence generated by first-order phase transi-
tions, we found Brms0 ∼ (10−6 − 10−3)ε1/2 nG on scales
λc ∼ (10−1 − 102) pc. Such fields are strong enough to
explain the apparent observations of intergalactic mag-
netic fields suggested by the Fermi results [6]. Thus, in
this paper we have demonstrated that the conditions are
right for the efficient amplification of magnetic fields via
the small-scale dynamo. The mechanism generates large
field strengths, albeit on very small scales, which could
explain observations of magnetic fields in the voids of the
large-scale structure and have an impact on early struc-
ture formation.
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